Abstract. We apply spin-squeezing techniques to identify and quantify highly multipartite photonic entanglement in polarization-squeezed light. We consider a practical single-mode scenario, and find that Wineland-criterion polarization squeezing implies entanglement of a macroscopic fraction of the total photons. A Glauber-theory computation of the observable N -photon density matrix, with N up to 100, finds that N -partite entanglement is observable despite losses and without post-selection. Genuine multi-partite entanglement up to at least N = 10 is similarly confirmed. The preparation method can be made intrinsically permutation-invariant, allowing highly efficient state reconstruction. In this scenario, generation plus detection requires O(N 0 ) experimental resources, in stark contrast to the typical exponential scaling. We estimate existing detectors could observe 1000-partite entanglement from a few dB of polarization squeezing.
Introduction
The theorems known as spin-squeezing inequalities (SSIs) establish a relationship between entanglement and squeezing, providing a bridge between a microscopic and a macroscopic quantum phenomenon, respectively. An atomic spin ensemble, i.e. a macroscopic collection of identical atoms, can be described both by a micro-state that specifies the correlated behavior of all of its components, and by collective spin operators describing the ensemble as a whole. While the micro-state is the object of fundamental interest for quantum information and simulation tasks, it is inaccessible to measurement in all but the smallest ensembles. In contrast, the collective spin operators can often be measured with high precision [1, 2] . In some cases, precise non-destructive measurement [3] can also be used to create squeezing [4, 5, 6, 7] .
In this experimental context, SSIs provide a unique window into the entanglement properties of spin ensembles. As a first result, Sørensen et al. [8] showed that for a spin-1/2 ensemble, a collective spin variance below the standard quantum limit, i.e. spin squeezing, implies pairwise entanglement of at least one pair of spins in the ensemble. Subsequent SSIs extend this to higher-spin atoms [9] , to multi-partite entanglement [10, 11, 12] and to other kinds of squeezing [13, 14] . SSIs on symmetric states [15] give the interesting result that spin squeezing implies entanglement of all pairs of atoms. One set of SSIs, due to Sørensen and Mølmer [10] and extended by Hyllus et al. [16] quantifies the size of entangled groups based on the mean and variance of the collective spin. These quantities are accessible in spin-squeezing experiments [4, 1, 17, 18, 19, 7] and indeed are necessary to show metrologically-relevant spin squeezing [20] . The Sørensen-Mølmer SSI has been used to give indirect evidence for at least 80-partite entanglement in a spin-squeezed Bose-Einstein condensate (BEC) [1] . This entanglement depth far exceeds the current records of 8-partite entanglement in photons [21] and 14-partite entanglement in ion chains [22] . Recent work detecting multi-partite entanglement in non-polarized BECs [23] underscores the point that multi-partite entanglement is responsible for several kinds of non-classicality.
To date, no direct confirmation of these large entanglements, nor of any entanglement obtained by spin squeezing, has been demonstrated. Furthermore, various objections have been raised to the interpretation of squeezing in a BEC as highlymultipartite entanglement: It has been argued [24] that the Sørensen-Mølmer results [10] , which are based on statistics of distinguishable particles, are not applicable to experiments with indistinguishable particles, e.g. condensate atoms. Prior to this, Hines et al. [25] argued "the degree of entanglement between individual particles, unlike the entanglement between the modes, is not experimentally relevant so long as the particles remain in the condensed state." In contrast, Hyllus et al. [26] describe an extension of the Sørensen-Mølmer results to indistinguishable particles, with the conclusion that BEC spin squeezing does imply multi-partite entanglement. See also [27] for a discussion in the context of quantum condensed matter. A direct measurement of multi-particle states from a squeezed ensemble could help to settle these apparently conflicting claims.
A direct test of the squeezing-entanglement relation requires both the ability to generate squeezed states and to detect many individual particles in a state-selective way. While atomic squeezing is available, the detection requirement is not presently met. Detection of a large number of individual atoms in an optical lattice has been demonstrated [28, 29] , but at present this technique is not state-selective, except by the destructive method of removing atoms in all other states [30] . There is also a non-trivial challenge in combining squeezing and detection in a single atomic experiment.
In this article we consider the prospects for observing highly multi-partite entanglement due to squeezing in a photonic system. This is experimentally appealing, because both optical squeezing and state-selective multi-photon detection exist as mature technologies. Combinations of squeezing and single-photon detection, e.g. [31, 32] and multi-particle state-selective detection, e.g. [33, 21] have been demonstrated in several labs. Spin-squeezing theory for photonic systems has been less studied than for atoms [14] . One major difference relative to atoms is the absence of superselection rules forbidding superpositions of different numbers of photons [34] . Indeed, these superpositions are the hallmark of optical coherence [35, 36, 37] . We show how Glauber photodetection theory [35] can be used to describe the observable states in this scenario, and find that optical coherence provides an efficient route to highly multi-partite entanglement.
We describe a simple scenario that produces polarization-squeezed light [38, 39, 40, 41] by combining weakly squeezed vacuum with a coherent state [42] , and analyze various measures of multi-partite entanglement on the observable density matrix (ODM) from this state. Extending the Sørensen-Mølmer + Hyllus et al. theory to large photon number, we find that the entanglement depth approaches a constant fraction of the total number of photons in the macroscopic limit. We numerically evaluate witnesses for genuine multipartite entanglement (GME), as in [43, 44] , and find that all squeezed states are GME, a conclusion that is limited to N = 10 by computational power. We evaluate N -partite entanglement by computing the reduced 2-body density matrix, and find (again numerically) that states up to at least N = 100 are N -partite entangled. In all cases, trends suggest entanglement persisting also to higher numbers. Concerning the feasibility, we show that entanglement can be observed in situations of significant loss and detector inefficiency, and without post-selection. We find that the resource cost of both producing the squeezed state and detecting the entanglement therein scales as N 0 , in stark contrast to most entanglement generation and detection. Finally, we estimate that modern photon-counting imaging sensors could detect entanglement up to N ≈ 1000.
Scenario
We consider a single-mode pulse of polarization-squeezed light [40, 45] described by the state Figure 1 . Scenario for entanglement generation: a horizontally-polarized coherent state |α H is combined with a vertically-polarized squeezed state S(r)ρ th S † (r). The resulting polarization-squeezed state is symmetrically dispersed by a lens to an array of polarization analyzers (PA), each consisting of wave-plates, a polarizing beamsplitter, and single-photon detectors. Under conditions typical of squeezing experiments, nearly all of the photons originate in the coherent beam and become polarization entangled via coherence with the much weaker squeezed beam.
consisting of a coherent state ρ H = |α H α H | in the horizontal (H) polarization and a squeezed thermal state ρ V =Ŝ(r)ρ thŜ † (r) in the vertical (V). HereŜ † (r)a VŜ (r) = a V cosh r−a † V sinh r defines the squeeze operatorŜ and ρ th ≡ n n n th /(1 + n th ) n+1 |n n| is the thermal state. It is convenient to parametrize this state by n c ≡ |α| 2 , n s ≡ sinh 2 |r| and n th . States with this description can be produced by combining squeezed and coherent pulses on a polarizing beam-splitter [42] or by polarization self-rotation [46] of a coherent pulse. We assume this state can be prepared in a single spatial mode, an idealization which can be very well approximated by combining the two polarization modes in a single fiber. Regarding ρ V , for simplicity we take r real and negative and define
. Note that p is squeezed if n s > n 2 th /(1 + 2n th ).
Macroscopic quantum features
The quantum description of the macroscopic polarization is given by the Stokes operators [41] 
from which 2 S 0 = n c + n s + n th + 2n s n th (6) 2 S x = n c − n s − n th − 2n s n th .
If α = |α| so that S z is the lower-noise Stokes component, we find
The state is squeezed by the Wineland criterion [47] , var(
th /(2n th + 1), the same condition as for ρ V quadrature squeezing. This form of the Wineland condition, written for our situation in which the average polarization is along S x , is a special case of a more general, SU(2)-invariant non-classicality condition relating the polarization components along the average and orthogonal directions [48] . The entanglement results that follow are similarly invariant under global SU(2) rotations.
Microscopic quantum features

Depth of entanglement
To find the depth of entanglement k, i.e., the minimum size of entangled clusters in the state, we use the Sørensen-Mølmer theory which was shown by Hyllus et al. [16] to apply also to indefinite numbers of degenerate particles. We apply the Hyllus et al. version of the Sørensen-Mølmer theory to the polarization-squeezed beam before dispersion to the detector array. Being a degenerate ensemble of two-state particles sharing a single external mode, this is precisely the situation discussed by Hyllus et al. In the Appendix, we describe the macroscopic limit of this theory and apply it to the polarization-squeezed state described above. We find that k is proportional to the total number of photons 2 S 0 , implying a macroscopic entanglement depth. The entanglement depth fraction k/(2 S 0 ) can approach unity for small n th . See Figure 2. 
State of detected N -tuples
We consider now the polarization state of N photons detected from the state ρ. Concretely, we imagine passively splitting the beam to a large number M N of analyzers, as illustrated in Figure 1 , and using the observed detections to infer the locations of the photons, as well as to measure their polarization. By permutational invariance and symmetry of the splitting process, the detected state depends only on N and ρ. The same "observable density matrix" (ODM) R (N ) describes the photons independently of which detectors they arrive to.
To compute R (N ) , we follow standard methods [49] based on the Glauber theory of photodetection [35] . For each analyzer we define a detection mode, described by the annihilation operator
where d is the analyzer index, p is the polarization and a
describes an auxiliary mode, required for unitarity of the splitting process and assumed to be in a vacuum state.
For a single pulse, the average number of coincidence detections with polarizations p (1) , . . . , p (N ) at detectors 1 . . . N is given by
where · indicates expectation with respect to ρ. In our regime, with M much larger than the average number of photons in a pulse, the probability of an N -fold detection at any given group of N detectors is 1, and
{p} is, for all practical purposes, the probability of this N -fold coincidence. The second line follows from the definition of a d,p and the fact that the vacuum contributes nothing to the normallyordered expectation. We employ the computational basis |π 0 ≡ |H, . . . , H, H , |π 1 ≡ |H, . . . , H, V , . . . , |π 2 N −1 ≡ |V, . . . , V, V to describe the (unnormalized) ODM
where π
indicates the polarization of the l'th photon in the basis element |π i . The elements of R (N ) can be directly calculated using phase-space techniques (see Appendix). Most elements of R (N ) are not directly measurable, but can tomographically reconstructed from P (N ) {p} . The detection probabilities are given by the Born-rule-like relation
where p is defined to give
j , so that Π p ≡ p∧ p is a projector onto {p}. For example, for N = 2, the computational basis is |π 0 = |H, H , |π 1 = |H, V , |π 2 = |V, H and |π 3 = |V, V . Detection of polarizations H, V at detectors 1, 2, respectively, is described by {p} = (H, V ) and thus p = (0, 1, 0, 0) .
. We note aspects of the detection process that can reduce the coherence of R (N ) relative to ρ. First, ρ describes a superposition of different total photon number, and the coherence between different numbers is lost in photon counting. Second, R (N ) is a reduced density matrix, obtained by tracing over the undetected photons. Third, parts of ρ with different photon number can contribute to R (N ) , making R (N ) a mixture of these different contributions. Photon entanglement in R (N ) implies photon entanglement in ρ, because these transformations by which ρ gives R (N ) , i.e. decoherence, reduction, and mixing, do not produce entanglement.
Illustration: ODM for
is in general a mixture of symmetric states, e.g. R (2) is a mixture of |H, H ±|V, V , |H, V + |V, H , and either |H, H or |V, V . We show R (2) and R (3) as examples.
where the basis is |H, H , |H, V , |V, H , |V, V and A 2 ≡ n 2 c , B 2 = n c (n s +n th +2n s n th ),
2 +n s (1+8n th +12n 2 th )+2n 2 th , and D 2 = n c n s (n s + 1)(1+2n th ). The symbol "·" indicates a zero entry, while "h.c." indicates the lower-triangular portion of the (hermitian) matrix. In the limit of zero noise n th → 0, and small flux n s = n 2 c → 0, R (2) describes a Bell state ∝ |HH + |V V . Similarly,
where
B 3 = n 2 c (n s + n th + 2n s n th ) (15) W with respect to all fully decomposable witnesses W , computed for N = 4 states with n th = 0, and varying n c , n s . Upper graph: For all the n c , n s tested, x min < 0, indicating genuine multipartite entanglement of these states [44] . Lower graph: x min computed on the N = 4 state after averaging over relative optical phase between the H and V parts of the state. This decoherence operation reduces but does not fully eliminate the GME. Grey region indicates x min < 10 −7 (zero, to within computational uncertainties), i.e. non-GME states. + n s (1 + 2n th )(3 + 10n th ) + 5(n s + 2n s n th ) 2 ] (17)
F 3 = 3n c n s (1 + n s )(1 + 2n th )(n s + n th + 2n s n th ).
In the same limit, R (3) describes a state ∝ |HHH + |HV V + |V HV + |V V H with maximal 3-tangle [50] . 
Observable state in terms of pure states
We can simplify calculation of R (N ) by considering the effect of polarization-independent losses. If a i,π loss → a i,π √ η + a At the same time, n c loss → ηn c , and var(q) loss → ηvar(q) + (1 − η)/4, where q ∈ {x, p}, from which we find that any mixed squeezed state ρ, with n c , n s , n th , can be produced from a pure state ρ with n c = n c /η, n s = (n s + 2n s n th + n th )/η and n th = 0 for η = (n s + 2n s n th − n 2 th )/(n s + 2n s n th + n th ). From here on, we consider only n th = 0 states, with the understanding that the n th = 0 results can be obtained by the above transformation.
Genuine multipartite entanglement
Multipartite states which cannot be decomposed into mixtures of bi-separable states (under any partition) are called genuine multipartite entangled. Using code by Jüngnitsch et al. [43] , we find that R (N ) is genuine N -partite entangled, within our numerical ability to test. With N up to 5, we use the approach of positive partial transpose mixtures, and compute the minimal expectation value x min ≡ min W R (N ) W where the minimization is with respect to all fully decomposable witnesses W (function fdecwit). If x min is negative, R (N ) is genuine multipartite entangled [44] . As illustrated in Fig. 3, R (N ) , with N = 3, 4, 5, was tested over a broad range of n c , n s , and always found to be GME. In Fig. 4 we show x min computed with fixed n s = 0.3 and n c up to 1000. The trends in x min clearly suggest that GME should persist for large N , but memory limitations prevented testing this suggestion for N > 5.
Multipartite entanglement
Simple N -partite entanglement is easier to show than GME, and here we are able to show N -partite entanglement up to N = 100, again numerically. Here it suffices to show that any pair of photons is entangled. We study the reduced two-photon density matrix, obtained by tracing over any N − 2 photons
By permutation symmetry, an entangled R (2,N ) implies that no partition of R (N ) is separable. As shown in the Appendix, R (2,N ) can be computed in O(N 3 ) time using phase-space methods.
As with GME, we find that, to within computation limits, any squeezed state R (N ) is N -partite entangled. For pure states, i.e., n th = 0, we compute the observable concurrence C, i.e., the concurrence computed on R (2,N ) , shown in Figure 5 . In all cases, Wineland-criterion squeezing n s > 0 gives nonzero concurrence. For example, with n c = 100, n s = 0.3, and N = 100,
The concurrence is C ≈ 0.00468, which is 4.7% of that allowed by monogamy [51] , i.e.,
Role of optical coherence
We note that the entanglement properties are largely due to optical coherence between the H-and V -polarized parts of the state in Eq. (1). By optical coherence, we understand the non-vanishing of phase-dependent correlation functions such as a H , a V and a † H a V . These are not invariant under the phase rotations
We can see the role of optical coherence by analyzing the decohered state
, where · φ indicates a statistical average over φ. This decoherence removes most, but not all of the non-classical features described above: it mixes the quadratures x and p, and thus averages their variances, leaving no squeezing. Without squeezing, the Sørensen-Mølmer + Hyllus theory is mute: no entanglement is implied. Decoherence sets the off-diagonal element R to zero, because this arises from states differing by two in number of H photons. This decohered R (2,N ) was tested for multi-partite entanglement, using the same ranges as in Fig. 5 , and none was found. In contrast, testing the decohered R (N ) over the same range as in Fig. 3 , the decohered state is in fact GME for n s < 0.25, although at a lower level than for the original state. For example, with n c = 1, n s = 0.1, the optimal witness finds x min = −1.5 × 10 −3 , versus −1.5 × 10 −2 for the non-decohered state. See inset of Fig. 3 . This entanglement evidently arises from the phase-independent off-diagonal terms. N ) does not depend strongly on N , and the likely outcomes n c − √ n c ≤ N ≤ n c + √ n c have similar C/C max . For illustration, we compute the reduced ODM averaged over the possible outcomes N as R (2, N ) ≡ N P N R (2,N ) , where P N is the probability of observing N photons. If R (2,N ) varies strongly with N , this mixing of different contributions will reduce coherence. In the simplest case, i.e. n th = 0 and η = 1, P N is given by the convolution of the coherent state number distribution 
deterministic entanglement
with concurrence C ≈ 0.00464. This only slightly less than the most probable outcome N = 100 shown in Eq. (21) . We conclude that post-selection of a particular N is not necessary to observe the two-body correlations that imply entanglement. For these likely states, C peaks for n s ≈ 0.3, or ≈ 4.5 dB of squeezing. We conjecture that this is a manifestation of entanglement monogamy, in that a small amount of squeezing produces mostly concurrence in the reduced two-body density matrix, a measure of bipartite entanglement, and that larger squeezing produces increasing measures of higher-partite entanglement, for example more 3-tangle in the reduced three-body density matrix. By entanglement monogamy, these higher entanglements come at the expense of bipartite entanglement. It would be interesting to compute the 3-tangle on these states to test this conjecture [52, 53] .
Prospects for observation
Due to its structure, R For n c = N in the range 2 to 100 and n s chosen to maximize C, we find ∆ = 0.23/N to within 10%. Although reconstruction of general N -particle states requires resources exponential in N , here the method of preparation ensures permutation invariance (PI), allowing use of PI reconstruction methods to avoid exponential costs [54] . In particular, we can find R (2,N ) by averaging all pairs of detected photons, i.e., N (N − 1) pairs per shot, giving single-shot statistical errors of δ∆ ∼ 1/N . We then need O(N 0 ) shots to establish ∆ > 0 with unit signal-tonoise.
In light of the N 0 scaling of both production and characterization of entanglement, N is only limited by the number of available detectors. In this regard, EMCCD sensors are promising: They can have M = 2 20 > 10 6 pixels, 90% quantum efficiency, negligible dark-count rates, single-photon sensitivity, and some degree of photon-number discrimination for < 5 photons at a given pixel [55] . If we limit ourselves to N 2 < M , fewer than one pixel on average receives multiple photons, so that photon-number resolution is not required (a simple calculation of Tr[R (2) ], i.e., of the un-normalized ODM, shows that bunching is not significant). In this scenario, and with M = 2 20 , entangled states with N ∼ 1000 are detectable. We leave for future work the question of whether photon-number resolution could allow these sensors to measure entanglement in states with N > M 1/2 .
Conclusion
In analogy with "extreme spin squeezing," in which squeezing of collective spin variables implies highly multi-partite entanglement of the constituent particles, we have quantified the photonic entanglement of a practical polarization-squeezed state. We first adapt the Sørensen-Mølmer-Hyllus theory to large particle number, and find that Winelandcriterion squeezing implies entanglement of a macroscopic fraction of the total photons present. We describe the observable N -photon density matrix in terms of Glauber photodetection theory, and find that the Wineland criterion similarly implies genuine N -partite entanglement, for N up to at least 10 (limited by computational power), and by a less stringent criterion N -partite entanglement up to at least N = 100. This entanglement is considerable even for modest squeezing and highly robust against losses. The resource cost of producing and detecting these states scales as N 0 , leaving the number of detectors as the limiting factor for size of the observable entangled states. We estimate that with available detectors ∼1000-partite entanglement should be observable.
These results provide the first practical route to a test of "extreme spin squeezing," [10] in which squeezing of macroscopic quantum variables produces highly multi-partite entanglement. The experimental study of this subject may answer open fundamental questions about the nature of entanglement in systems of indistinguishable particles [25, 56, 1, 26] , the role of entanglement in condensed matter systems [57, 27] and quantum simulation of exotic phases of many-body systems [58, 59] . The highlyentangled states described here may also have application in quantum networking: atom-resonant polarization-squeezing [42] combined with heralded absorption of photons [60, 61] could be used to transfer the photonic entanglement onto atomic registers.
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From [63] pp. 92-94, we can evaluate normally-ordered correlations in terms of the Wigner distribution W as E m,n ≡ (a † ) m a n = dx dp W (x, p)O m,n (x, p), (B 
